We compute the four-point function of scalar operators in CFTs with weakly broken higher spin symmetry at arbitrary 't Hooft coupling. We use the known three-point functions in these theories, the Lorentzian OPE inversion formula and crossing to fix the result up to the addition of three functions of the cross ratios. These are given by contact Witten diagrams in AdS and manifest non-analyticity of the OPE data in spin. We use SchwingerDyson equations to show that such terms are absent in the large N Chern-Simons matter theories. The result is that the OPE data is analytic in spin up to J = 0.
Introduction
The AdS/CFT correspondence [1] [2] [3] relates four-dimensional higher spin gravity in AdS 4 [4] [5] [6] to a three-dimensional conformal field theory with almost conserved higher spin currents [7] [8] [9] [10] [11] [12] . These are large N CFTs with the anomalous dimensions of higher spin currents being suppressed by 1 N . A famous example of such theories is given by Chern-Simons gauge fields coupled to the fundamental matter [13] [14] [15] [16] [17] [18] . The presence of slightly broken higher spin symmetry makes the theory solvable in the planar limit. In spite of this fact deriving consequences of this broken symmetry has remained elusive. 1 In particular, even in the planar limit only the three-point functions are known in this class of theories [16] [17] [18] [19] [20] [21] [22] [23] . Existing methods for studying these theories, be it higher spin Ward identities [23] or Schwinger-Dyson equations [13] , become very complicated at the level of the four-point functions. Recent discussions of the four-point functions in the context of the higher spin gauge/CFT duality include [24] [25] [26] [27] [28] [29] . 2 In particular, in [33] the SchwingerDyson equations were used to compute the four-point correlation functions in the double soft collinear limit.
3
In this paper we compute scalar four-point functions in large N CFTs with slightly broken higher spin symmetry at arbitrary 't Hooft coupling. We use the known results for the three-point functions [23] together with analyticity in spin argument [34] and crossing to fix the answer up to three arbitrary functions of the 't Hooft coupling. We then use the Schwinger-Dyson equations [18] to fix these constants to zero.
The result of our analysis is the following. Recall that the theories of interest come in two guises, the so-called quasi-fermion theory and quasi-boson theory. Both theories are characterized by the two-point function of stress tensorÑ and by the 't Hooft coupling λ. They have the same spectrum of higher spin currents but different spectra of scalar operators. In the quasi-fermion theory there is an operator of dimension ∆ qf = 2+O(1/Ñ ), whereas in the quasi-boson theory an operator of dimension ∆ qb = 1 + O(1/Ñ ). Based 1 In contrast, when the higher spin symmetry is unbroken the correlators of the theory are completely fixed [19] [20] [21] [22] . 2 Correlators of the Vasiliev theory duals have a stringy feature that exchange of higher spin currents in the s-channel is equal to the exchange of higher spin currents in the t-channel, see, e.g., [30] . The same is true for the usual Veneziano amplitude [31] . It would be interesting to understand if there is a worldsheet formulation of the Vasiliev theory which makes this fact manifest, see, e.g., [32] . 3 We thank Simone Giombi for bringing our attention to this paper.
on general arguments we find a three-parametric family of correlators. We then fix these parameters using the particular realization of Chern-Simons matter theory, for which they vanish. We do not know if there are other examples where these parameters take non-zero values.
In the quasi-fermion theory the result takes the following form
where we wrote only the connected piece and f f f (u, v) stands for the four-point function in the free fermion theory. In writing (1.1) we normalized the two-point function to OO = 1 x 2∆ . Remarkably the four-point function of scalars in the quasi-fermion theory is simply given by the free fermion result and does not depend onλ qf . By takingλ qf → ∞ limit we obtain the prediction that the four-point function in the critical O(N ) model is proportional to the free fermion one. This was indeed found to be the case in [35] by the direct evaluation of Feynman diagrams.
In the quasi-boson theory the scalar four-point function takes the following form 
where f f b (u, v) stands for the correlator in the free boson theory. The second term is a sum over exchange diagrams in AdS 4 for the φ 3 vertex. By takingλ qb → ∞ limit we obtain a prediction from (1.2) for the four-point function in the critical Gross-Neveu theory, which to our knowledge is new.
The rest of the paper is organized as follows. In section 2 we present some general CFT arguments that relate the full correlator and its double discontinuity. In section 3 we use these arguments to fix the correlators in large N CFTs with weakly broken higher spin symmetry up to three unknown functions of the 't Hooft coupling. In section 4 we use the Schwinger-Dyson equations in the Chern-Simons matter theories to fix these coefficients to zero. We finish with some open directions and conclusions. We collect some technical details in the appendices.
From Double Discontinuity to Full Correlator
We will find it useful to use a couple of simple theorems that could be proven for generic CFTs that relate the data that is contained in the double discontinuity of the correlator to the full correlator.
We consider a four-point function of identical primary operators. As was widely discussed recently it is useful to expand the correlator in terms of the complete basis of conformal partial waves F ∆,J (x i ) labeled by spin J and dimension
where the non-normalizable part includes scalar operators with dimension
. By deforming the contour of integration we recover the usual OPE expansion.
The coefficients of this expansion c ∆,J could be written in terms of the kernel integrated against the double discontinuities of the correlator
] as discovered by Caron-Huot [34] (see also [36] ) 4 .
Schematically, the relation takes the following form
where K t ∆,J (z,z) and K u ∆,J (z,z) are explicitly known. This formula follows from boundedness of the correlator in the Regge limit. At finite N this formula works for J > 1 [34] .
In the large N limit it works for J > 2. The reason for this difference is that the bound on the Regge limit is weaker in the large N limit [40] .
What we need from this formula is the fact that given double discontinuity of the correlator we could in principle find the OPE data of the correspondent spinning operators appearing in the OPE of external operators. We can prove the following simple but useful statements.
Theorem 1: In a CFT, the four-point correlator G of identical scalars is completely fixed by its double discontinuity.
Imagine that it is not the case. It means that we could construct two solutions to crossing G 1 and G 2 such that they have
in every channel. 5 Using the inversion formula it means that in the OPE expansion of G 1 and G 2 in every channel all the operators with J > 1 appear with the same three-point coefficients. 6 Let us consider the difference between the two correlators
By construction this difference is crossing symmetric and bounded in the Regge limit.
Moreover, it admits a convergent OPE expansion with only scalar primary operators appearing in every channel. We therefore get the crossing equation for δG(u, v)
There are two differences between (2.5) and the usual crossing equations. First, the only operators that appear in the expansion are scalars. Second, c ∆ are not necessarily positive since we are considering a difference between two correlators (2.4). It is very easy to show that such solutions to crossing do not exist.
Note that δG by construction has zero double discontinuity in every channel. It means [34] that it contains only scalar operators with dimensions ∆ ′ = 2∆ + 2n in every channel, which is equivalent to the statement that it is Casimir biregular in this case. To see this recall that a given operator contributes to the double discontinuity with the factor
). Requiring vanishing of this pre-factor implies that ∆ ′ = 2∆ + J + 2n.
Therefore, the crossing equation takes the form
As with the usual OPE there are three different ways to construct the double commutator.
6 Operators with J = 1 are absent in the OPE of identical operators.
7 Another way to see it is to consider the limit u, v → 0 of (2.5). By the standard arguments [41] [42] [43] all the Casimir-singular terms (terms which become singular after the action of the Casimir operator, see, e.g., [44] ) on one side should be reproduced by higher spin operators on the other side. Since we have only scalar operators the conclusion is that δG is Casimir regular in both channels, or biregular in the terminology of [44] .
However, this is precisely a type of problem considered by Heemskerk, Polchinski, Penedones and Sully in [45] who analyzed solutions to the large N crossing. The essential idea of [45] was to match the discontinuities of the equation (2.6) around u = 0 (and/or v = 0).
Indeed consider, for example, a discontinuity along v = 0, namely δG| ve iπ − δG| ve −iπ for small u. The RHS of (2.6) has an expansion in integer powers of v only and, thus, produces 0. In the LHS on the other hand each conformal block has a singularity log v which produces non-trivial discontinuity 2πi. Requiring that it is zero for every u sets c n = 0. Indeed, different primaries come with different powers of u n + ... and, therefore,
we have to set all the coefficients to 0. Therefore, δG = 0 and
which is what we wanted to show.
In [45] this argument fails because log v terms are present in the RHS as well, due to the anomalous dimensions of double trace operators when we expand the correlator in 1 N . These terms will be important below. In the argument above such terms are absent due to the condition dDisc[δG] = 0.
In our paper we will be dealing with the large N theories and therefore a slightly modified version of the statement above would be useful for us.
Theorem 2:
In a large N CFT, the planar four-point correlator G of identical scalars is fixed by its double discontinuity up to a function which is a sum of three contact AdS Witten diagrams with arbitrary coefficients.
Again, imagine that it is not the case. We consider two solutions to the large N crossing G 1 and G 2 with the same discontinuity in all channels and consider their difference δG. Again it admits the large N OPE expansion, this time, however with operators of J = 0 and J = 2 potentially appearing in every channel.
Since by construction the double discontinuity of δG is zero the only operators that could appear in the OPE of δG are the usual double trace operators of J = 0 and J = 2. This is, however, precisely the problem solved by [45] . They showed that purely double trace solutions to the large N crossing that are bounded in spin are in one-to-one correspondence with the contact interactions in AdS. In particular, in our case the relevant vertices in AdS are φ 4 , (∂φ) 4 and φ 2 (∂ 3 φ) 2 . We conclude that
which was to be demonstrated.
Let us reiterate the differences between the two arguments that allow for subtraction terms in the large N case only. One obvious difference, to be emphasized again, is that the bound on the large N Regge limit leaves some freedom in is a solution to crossing only to leading order in 1 N and would not be a solution to a finite N crossing equation (2.5) which we used in the previous argument for a generic CFT.
We will use (2.8) to bootstrap some correlators in the large N Chern-Simons matter theory below.
Conformal Field Theories With Weakly Broken Higher Spin Symmetry
We would like to apply the arguments of the previous section to a class of particularly simple CFTs. We consider largeÑ CFTs 8 with the following spectrum of single trace operators. First, we have a set of almost conserved higher spin currents j s with dimensions
These include the stress tensor for s = 2. Second, we have a scalar operator which distinguishes between the two type of theories that we consider. In the so-called quasifermion theory it has the dimension
In the quasi-boson theory it has the dimension
Each theory is as well characterized by the correspondent 't Hooft couplingλ qf andλ qb which could take arbitrary values. Whenλ qf = 0 we have the free fermion CFT, and λ qb = 0 we have the theory of free bosons. Microscopically, the quasi-fermion (quasiboson) theory could be realized as the Chern-Simons theory coupled to fermions (bosons)
in the fundamental representation of the gauge group [13] [14] [15] [16] [17] [18] .
In this paper we are primarily interested in computing the four-point functions of the scalar operators (3.2), (3.3) in the planar limit and at arbitrary 't Hooft coupling
where disc =
is the disconnected piece. Note also that we normalized the two-point functions as O(x)O(0) = x −2∆ . ParameterÑ parametrizes the two-point function of stress tensors in the theory, see for example [17] . Our goal, thus, is to compute the non-trivial functions f qf (u, v) and f qb (u, v).
On general grounds the correlators (3.4) are crossing symmetric and admit an OPE expansion. Since we are dealing with the largeÑ CFT the operators that appear in the OPE to leading order in
are single trace operators and double trace operators. An important simplification for our task is that the contribution of single trace operators is known since the correspondent three-point couplings were computed before [23] . Let us quickly review these results.
Correlator in the Quasi-fermion Theory
In this case the relevant three-point functions are proportional to the ones in the theory of the free fermion [23] . More precisely, the normalization independent square of the three-point function 9 takes the form
which is to say that the three-point functions are the same as in the theory ofÑ free fermions. In the theory of Chern-Simons plus fermionsÑ is a known function of the rank of the gauge group and the 't Hooft coupling λ as we review below. In particular, the three-point function of scalars O qf O qf O qf = 0 vanishes in the quasi-fermion theory at separated point.
We would like to construct a solution of crossingf qf (u, v) such that
It is given by the ratio
which is invariant under rescaling of operators involved.
in all channels. This task is completely trivial in the quasi-fermion theory. Note that all the three-point functions are proportional to the ones in the free fermion theory (3.5).
The correct functionf qf (u, v) that satisfies (3.6) is proportional to the free fermion answer
By the argument above (2.8) we conclude that
In this way we conclude that the four-point function of scalars in the quasi-fermion theory is fixed up to three unknown functions of the 't Hooft coupling c i . It could well be that these are not consistent with weakly broken higher spin symmetry but this involves analysis of complicated higher spin Ward identities (see appendix B), which we leave for the future work.
Instead we will use Schwinger-Dyson equations to fix these unknown coefficients in the large N Chern-Simons matter theories which are concrete realizations of CFTs with slightly broken higher spin symmetry.
Correlator in the Quasi-boson Theory
The situation in the quasi-boson theory is slightly more complicated. For spinning operators we have normalization independent three-point functions
where again c Again we would like to construct a function that satisfies the crossing equations, bound on the Regge limit and has the correct double discontinuity. In this case a natural starting point would be to take the free boson answer
This, however, does not have the double discontinuity of the quasi-boson due to the mismatch of the contribution of the scalar operator (3.10). To correct this we can add a sum of φ 3 exchange diagrams in AdS with the correct coefficient so that the scalar operator contributes with the correct coefficient. Exchange diagrams in AdS have the property that the only single trace operator that appears in their OPE expansion has the quantum numbers of the exchanged particle. In this way we can correct the coefficient in front the scalar operator without affecting operators with non-zero spin. Moreover, exchange diagrams in AdS have nice behavior in the Regge limit and therefore this correction satisfied the bound on Regge as well. Using the results of [46] for the arbitrary exchanged diagram, 10 the result takes the following form
One can check that the expression above is crossing symmetric. The relevant properties of theD-functions could be found for example in appendix C of [48] . The coefficient in front of theD-functions is such that the three-point function (3.10) is correctly reproduced.
To conclude, both in the case of the quasi-fermion and quasi-boson theory the correlation function of the four scalar operators is fixed up to three unknown functions of 't Hooft coupling. In the next section we turn to the particular realization of these theories, namely the Chern-Simons matter theories. There we will show that c i = 0 both for the quasi-fermion and the quasi-boson theories.
Schwinger-Dyson Approach to Chern-Simons Vector Models
In this section we study a specific realization of theories to which the analysis above applies, namely Chern-Simons gauge fields coupled to either a fundamental fermion or a 10 The relevant result is given by formulas (40) (41) in that paper. Notice that it is singular in the limit, when ∆ i = ∆ = 1 and d = 3. This singularity, however, is just a trivial overall factor which we can simply drop. In the context of Vasiliev theory this was discussed, for example, in [47] . 11 One way to define a CFT with slightly broken higher spin symmetry is through the nonconservation of a higher spin current. It takes a schematic form ∂ µ j µ s = a 2 jj + a 3 jjj, see [23] for details. In our considerations we implicitly set the triple trace term a 3 = 0. The effect of the triple trace deformation a 3 is to change the coefficient in front of the sum ofD-functions. with these parameters defined as in (3.8) and (3.12) . Instead of using a CFT-based approach, we use here the diagrammatics of the theories, writing a solution to the SchwingerDyson equations that allows us to compute the scalar four-point function for arbitrary 't Hooft coupling and explicitly verify (4.1) together with (3.8) and (3.12).
Setup
First, we consider the quasi-fermion theory, namely the U (N ) k Chern-Simons field of level k coupled to a fundamental fermion ψ i , i = 1, . . . , N . The explicit Lagrangian and conventions can be found in [13] . The goal of this section is to compute the scalar four-point function for this specific theory in the limit of large N and arbitrary 't Hooft coupling λ = N/k. We will be interested in the operator O qf ∼ψψ and the connected part of the following correlator 
Another ingredient of our proposal is the free fermion four-point function which we need in momentum space in a normalization consistent with (3.11). This can be computed explicitly and the result is
Recalling (3.8), in momentum space we will verify the following 5) where the relation between the parametersÑ andλ, appearing in the general approach based on softly-broken higher spin symmetry, and the parameters N and λ of the theory were found in [17] to beÑ
The contact diagrams appearing in (3.8) can also be written in momentum space. The expressions will not be necessary and therefore we will not go into detail but the outline of the calculation is simple. In AdS In order to check (4.5) we follow [13] [14] [15] [16] [17] conventions and work in the light-cone gauge A − = 0. The simplicity of the diagrams contributing in the 't Hooft limit and the fact that the gauge boson propagator does not get corrected, allow us to write Schwinger-Dyson equations that resum all diagrams we need. In the case of collinear momenta [18, 33] , this is enough to compute (4.2) for arbitrary 't Hooft coupling.
We will follow the method used in [33] . To compute (4.2) we need some partial results that were already obtained in the literature. We give here a summary of the necessary ingredients and leave detailed definitions and explicit formulas to appendix A.
First of all we need the exact fermion propagator in the 't Hooft limit S(p) for arbitrary λ. This was computed in [13] and found to be two-loop exact, see (A.2). With S(p) one can write Schwinger-Dyson equation that resums all diagrams contributing to the form
. 12 This was solved in [17] and following their conventions we will denote this vertex by V (q, p), which we define in (A.3) using our convention for the normalization of O qf . 12 In the planar limit this is enough since multiparticle contributions are suppressed by N . To compute the four-point correlator of O qf we further need to compute the fourfermion vertex. Therefore, we need to solve the Schwinger-Dyson equation that resums all diagrams involving four dressed fermionic external legs. Following [13, 18] , we can define this object by an effective action which at tree level would reproduce the non-perturbative four-point function of the fermions for arbitrary λ
This corresponds to the blue blob in fig. 1 . As defined in [18] the object Γ has four spinor indices but we follow the convention of [33] of using the compact notation Γ AB (k, q, r)γ A ⊗ γ B , where A = 1, . . . , 4 and γ 4 = 1.
In the light-cone gauge we only need to consider ladder diagrams made up of gluon exchanges, as long as we use the dressed fermion propagators. This implies that the Schwinger-Dyson equation for the kernel Γ AB (k, q, r) can be written 8) which is represented by the diagram shown in fig. 1 . The brackets in the gamma matrices denote antisymmetrization. This equation was derived in [13] , the solution was found in [18] , and was used to compute the scalar four-point function in [33] . We give the Now we can enumerate the diagrams appearing in the four-point function, which are shown in fig. 2 . Diagrams A are ones in which the four-fermion vertex Γ is not inserted. We denote the O qf form factor by the symbol "⊗" following [17] and we take the momentum q i , i = 1, . . . , 4 to be ingoing and collinear for all external insertions. In the figure we indicated a choice of ordering of the external momenta and one should sum over six permutations of the momenta. These diagrams involve a single integral over momentum that we denote k and a single color loop making them of order 1/N . In (A.10) we show an example of an integrand for the permutation shown in the picture.
In the second line of the figure we show diagrams, labeled as B, for which there is a single insertion of the Γ vertex. In these diagrams there are two integrals over arbitrary momenta that we label k and r. There are also two color loops giving an N enhancement with respect to A but the insertion of Γ ∼ 1/N makes it of the same order as A. In the figure we show only three permutations B1, B2 and B3 out of the twelve possible.
These are in fact the only diagrams we need to compute since one can show that each diagram has Z 2 × Z 2 symmetry under exchange of momenta on each side of the exchange blob. Therefore the value of each diagram exclusively depends on which of the external momenta are above and which are below the blob corresponding to Γ in the figure. In (A.11) we show an example of the B1 integrand.
Double-Soft Limit
Computing the Feynman diagrams of the previous section is a formidable task. Nevertheless based on the general argument of the previous section we know that the answer must take an extremely simple form (4.5). In the rest of the section we will show that it is indeed the case and that the results are consistent with c qf i = 0. There is a particular kinematical regime in which the diagrams can be computed analytically. We will refer to it as the double soft limit [33] and it is defined as
where, as explained above, the convention is to take the argument of the insertions to be the third component of the momentum, with the other ones being zero. 13 In the next section we will compute the integrals numerically for general collinear choices of q i .
The diagrams shown in fig. 2 can be separated into two groups. For diagrams A, the result is different whether the soft momenta are adjacent, A adj , or not, A non−adj . For diagrams B the result depends on whether the two soft momenta are adjacent and on the same side of the exchange blob B adj or whether they are on opposite sides of the exchange blob B non−adj .
Computation of the integrals involved in the diagrams is straightforward but the intermediate steps are cumbersome so we simply quote the final answers for each non-equivalent diagram. The dependence on p is fixed by dimensional analysis to be O 4 qf double sof t ∼ 1/|p| so the exercise amounts to taking care of each pre-factor and checking if their sum saturates (4.5) without a need for AdS 4 contact terms.
The diagrams where the soft momenta are not adjacent are the simplest ones to compute and their results are given by
, (4.10) 13 The double soft configuration is sensitive on the specific way of taking the limit. Our prescription is to take the limit under the integrand. At the level of (4.4) it corresponds to lim ε→0 F (p + ε, −ε, −p, 0).
which agrees with the results of [33] . The analytic calculation of adjacent diagrams is more involved and the answer is
where ψ(x) = Γ ′ (x)/Γ(x) denotes the digamma function. Adding the diagrams and taking into account multiplicities of permutations, the result is
which is consistent with (4.5). This is enough to claim that c The double soft limit is very special since q 1 ∼ −q 3 and q 2 ∼ q 4 ∼ 0. In this section we would like to test our proposal for arbitrary kinematics lacking any particular symmetry between external insertions, but still within the collinear configuration. Analytic computations look very hard in this case therefore we compute the correlator numerically.
An interesting configuration which is in some sense the opposite of the double soft limit (in which two momenta are hard and two are soft) is the forward limit in which all momenta are equal. We will numerically compute
which we denote as forward limit in analogy to scattering. We show the result of this computation in fig. 3 where we compare the prediction with (4.5), corresponding to the solid line. 15 We get a perfect agreement with our expectation. To complete our check we evaluate the correlator in the most general collinear kinematics. The results are presented in fig. 4 and again we get the perfect agreement with the expected results. When comparing our prediction with the result of numerical integration we find on average agreement within 10 −5 %. The estimated error of the numerical integration is 10 −4 %. Needless to say, the simplicity of the final result is highly non-obvious at the intermediate steps which are pretty much intractable even in the collinear kinematics.
Quasi-Boson Theory
Given the answer in the quasi-fermion theory we can compute the result in the quasiboson theory using the Legendre transform [17] . Doing the Legendre transform is particularly simple in momentum space [33] , however, to connect with our prediction we will do the relevant computation in coordinate space. The relevant three-point function of scalar operators in the quasi-fermion theory is zero at separated points but it admits a conformal invariant contact term [17] 
where we used standard identities [51, 52, 48] and the fact that σ(x)σ(0) = The reason for that is that the Legendre transform of the free fermion correlator has to be combined with 
. It is a much simpler exercise to show it in momentum space which was done in [33] .
The conclusion of this discussion is that the answer in the quasi-boson theory is given by (3.12) with c qb i = 0.
Critical Theories
It is interesting to use the results that we obtained to compute the four-point functions in the critical O(N ) and Gross-Neveu models. The former corresponds toλ qf → ∞ and the latter toλ qf → ∞.
For the critical O(N ) model our prediction is that the answer should be given by the free fermion answer. Indeed, this agrees with the results of [35] , where the answer was obtained based on crossing symmetry and direct evaluation of Feynman diagrams.
Similarly, in [33] the correlator was computed in the collinear kinematics q ± = 0 and again the answer was found to be the free fermion one. Our derivation confirms both of these results.
For the critical Gross-Neveu model we get
where recall that we normalized our operators such that the disconnected piece comes with the coefficient 1. To our knowledge this prediction is new.
The connected four-point function in the planar limit contains both single and double 
Conclusions
The purpose of this paper was to compute four-point functions in large N CFTs with slightly broken higher spin symmetry. Based on general arguments we found a threeparameter family of correlators (3.8) and (3.12). Our basic observation was that it is very easy to construct an ansatz for the four-point function which has the correct double discontinuity in every channel. The three free parameters are similar to subtraction terms in the scattering amplitudes dispersion relations. We then fixed the free parameters using the Schwinger-Dyson equations in the large N Chern-Simons matter theories. The final result for the quasi-fermion correlator is (1.1) and (1.2) for the quasi-boson. These are the main results of the paper.
The characteristic feature of our result is that the answer is analytic in spin up to J = 0. It would be interesting to understand if this feature persists for a generic spinning correlator. This sounds plausible because different four-point functions are related by higher spin symmetry (see appendix B). Moreover, since AdS contact diagrams survive in the flat space or bulk point limit [54] , [55] it would suggest existence of some type of sub-AdS locality in the higher spin gauge theories. Since bulk equations of motion respect higher spin symmetry this would seem to violate the Coleman-Mandula theorem [56] .
Therefore, we expect that maximal analyticity in spin is the property of every correlator in CFTs with weakly broken higher spin symmetry. If this is the case then no new input is needed to fix the four-point functions apart from already known three-point functions of single-trace operators.
There are many interesting directions in which our work should be extended. It would be very interesting to compute four-point functions with spinning operators. 16 This would require a generalization of some of the CFT technology that we used for spinning correlators, see [62, 63] . Since understanding of weakly broken higher spin symmetry is lacking we might hope that knowing generic four-point functions will give us some hints on how to think about these symmetries. Ideally, one would like to write some slightly broken higher spin invariants as was done in the unbroken case in [22] . 16 For example theories of the type considered here were found to saturate the bounds coming from ANEC [57] [58] [59] [60] . This implies that certain four-point functions involving j 2 should indeed be almost free . It would be interesting to understand the implications of the energy correlators triviality (and their higher spin analogs) for correlation functions in this theory.
Another direction is to generalize our arguments to higher-point functions. This would require a better understanding of the structure of the higher-point CFT correlators and their OPE structure. One may also hope to push further the diagrammatic computations in this direction.
We have not explored the possibility of bootstrapping the correlators in momentum space using the higher spin Ward identities. The structure of the equations (see appendix B) suggests that it would be a natural place to study the correlators. One comment is that the momentum space computations are sensitive to contact terms which were not systematically understood in the large N Chern-Simons matter theories to our knowledge.
All in all higher spin gauge theories duals seem to be a great playground for very general CFT ideas. Moreover, as we tried to demonstrate the correlators in these theories are much simpler than it seems at the intermediate steps. Therefore it should be possible to completely solve these theories in the planar limit. We do not know how to re-derive our results using the bulk theory. The simplicity of the final results suggests that there might be a simple argument for that.
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Appendix A. Schwinger-Dyson Approach: Details
In this appendix we will give enough details about the computation done in section SEC to reproduce our results. The calculation is done in light cone gauge so we begin by recalling the definition of light cone coordinates
, and with metric ds 2 =
Indices are lowered/raised as p ± = p ∓ . Following usual convention we denote the size of the components of a vector along 1-2 as p We work in a gauge A − = 0, in which the gauge boson propagator
where a, b label color indices, is given non perturbatively as
with other components vanishing. We denote it in Feynman diagrams by a wavy line. On the other hand, the exact fermion propagator
was computed in [13] 
We denote the full propagator in Feynman diagrams as a black oriented line. Finally we define the form factor which allows us to go from O qf to fermions
where V (p, q) is a 2 × 2 matrix. The momenta of O qf is along direction 3 with value q, while p and k are arbitrary vectors. This correlator was obtained in [17] by using Schwinger-Dyson equation techniques. If we parametrize the components of the matrix as
We denote the form factors in Feynman diagrams by "⊗" and we take the momenta q to be always incoming. The solution found in [17] is given by 
Finally we need the Γ vertex defined in (4.7). We use here the same labels of momenta as in fig. 1 . It is defined by a Schwinger-Dyson equation (4.8), whose solution was found in [18] . We will use here the same parametrization as in [33] , namely
where we extracted the dependence on N explicitly. This form has the advantage that only a few components of the matrix A P Q (k, q, r) are non-vanishing. The expressions are still fairly lengthy so we extract a common prefactor and defineÃ as
Finally the values ofÃ entries that solve the Schwinger-Dyson equation in the case that q points along 3-direction are given by the following expressions. The only non-zero components are such that the first index is either identity Ĩ To conclude we will write explicitly some of the integrands shown in fig. 2 to clarify notations. Out of the six diagrams A without the four-fermion vertex, the one shown in fig. 2 is given by
(A.10)
Out of the twelve diagrams B with an insertion of the four-fermion vertex, the one labeled as B1 in fig. 2 is given by
(2π) 3 Tr[S(k + q 1 + q 2 )V (k + q 1 , q 2 )S(k + q 1 )V (k, q 1 )S(k) γ B S(r)V (r − q 4 , q 4 )S(r − q 4 )V (r + q 1 + q 2 , q 3 )S(r + q 1 + q 2 )γ A Γ AB (k, q, r)].
(A.11)
Appendix B. Higher Spin Ward Identities
In this appendix we sketch a strategy for finding four-point functions that involve operators with spin. We do not have any concrete results regarding this, but we hope this appendix could give some idea to the reader about the complications that one faces.
Let us consider a simple example where one of the operators is the spin two current and let us focus on the quasi-fermion theory. In this case the relevant three-point couplings involve the three-point functions j 2 O qf j s of the scalar with two spinning operators. As described for example in [23] this involves two structures, the one of the free fermion and the parity-violating one which appears only in interacting theories. Due to the parityviolating structure we cannot simply write down an ansatz as before with the correct double discontinuity. However, we can try to analyze higher spin Ward identities. Indeed, knowing the result for the four-point function of scalar operators simplifies this task.
Based on the three-point functions (and our result for the four-point function of scalars) a natural ansatz for the four-point function is the following (B.1)
The free fermion piece has the correct three-point OPE coefficients with currents is crossing symmetric and is bounded in the Regge limit. It also correctly reproduces the double discontinuity that involves free fermion structure in j 2 O qf j s . The odd piece should be responsible for the parity-violating part of the four-point function. We could also consider adding AdS contact interaction terms which would introduce non-analyticity in spin. Let us for simplicity assume that such terms are absent and instead try to write down the higher spin Ward identities.
Here we basically follow [23] . 17 Note that our normalization of the scalar operators is different from [23] .
where we used the fact that the free-fermion answer satisfies higher spin Ward identities;
we suppressed all the detailed structure of the differential operators; the ... stands for terms
where j 2 appears at points 2, 3 and 4; α is some numerical constant. The structure of (B.3) looks consistent. Indeed, the dependence on λ in the RHS matches the one in the LHS and it involves the change of parity (as it should).
The equations (B.3) look quite complicated in coordinate space, they, however, drastically simplify in momentum space. Indeed, the equation (B.3) becomes algebraic. Considering these equations in momentum space have two possible difficulties. First, conformal invariance in momentum space is complicated [64] , [65] . However, the explicit results for the free fermion four-point function that we encounter in this paper were not particularly hard, and it could be that it is everything that is needed. Second, we should worry about contact terms that were absent in the coordinate space analysis. It would be interesting to repeat the analysis of [23] in momentum space to clarify this point. In particular, higher spin symmetry should relate the standard physical contact terms that appear in the threepoint function of stress tensors to other three-point couplings. However, it could happen that the structure of the higher spin Ward identities is easy in momentum space after all.
We leave investigating these problems for the future.
